In this paper the electronic implementation of FitzHugh-Nagumo (F-N) neurons via monolithic microwave integrated circuits (MMIC) based upon a resonant tunneling diode (RTD) nonlinear transmission line (NLTL) using a coplanar waveguide (CPW) is considered. The goals are twofold. In the framework of electrical equivalent circuit emulating nonlinear active wave propagation effects, it is shown, on one hand, how different physical mechanisms are responsible for the time evolution of given input signals. A key result is that this medium supports stable and stationary pulse propagation that is only determined by the parameters of the RTD-NLTL and is independent of the boundary conditions. On the other hand, the influence of specific line elements on the output signal waveform is discussed in a most systematic manner. This leads, for the first time, to a more physical interpretation of the properties of the RTD-NLTL and, furthermore, to interesting technical applications at multi-GHz frequencies and on picosecond time scales. As a result, physically based ways are elucidated regarding how the technical design of those compact neuromorphic electrical circuits can be optimized by numerical simulations and performed using standard MMIC technologies.
Introduction
The study of wave propagation in systems of excitable biological cells is an important aspect of today's neurophysiology and cardio-physiology. One typical example is propagation failure, leading to failure of these systems; in the case of the cardiac action potential, this can be fatal. Furthermore, describing the dynamic behaviour of an individual neuron mathematically is one of the important issues in computational neuroscience. In 1952, the most successful and widely used neuron model, the Hodgkin-Huxley (H-H) model, was presented [1] . This model consists of a nonlinear diffusion equation for the membrane potential coupled to three ordinary differential equations (ODE), which describe the evolution of the membrane conductance to sodium and potassium ions. The H-H equations are rather complicated; so, FitzHugh [2] proposed a simpler model system consisting of a nonlinear diffusion equation coupled to one ODE, which retains some of the qualitative features contained in the H-H model. This model was further studied by Nagumo et al [3] and has become known as the FitzHugh-Nagumo (F-N) equations.
Moreover, neurons are among the most important and interesting cells in the body, and they are the fundamental building blocks of the central nervous system. Neurons communicate with each other by transmitting and receiving electrochemical signals called action potentials. These action potentials are transient fluctuations in the cell's membrane potential, which propagate down a cell's axon at constant velocity and amplitude without attenuation. In fact, information is constantly carried throughout our bodies by means of electrical signals propagating along nerve axons and bundles of neurons. After a stimulus is received, a characteristic electrical impulse pattern must be transmitted along a neural axon without distortion or attenuation over distances that are sometimes of the order of a meter. While the synapses, dendrites and nerve endings play the dominant role in signal interactions among neurons, the axon is responsible for digital signal propagation over long distances. In this context, the term 'neuristor' was coined by Crane [4] to denote a class of active NLTLs with properties similar to those of the nerve fiber and from which a variety of circuits for information processing and storage can be constructed. In other words, electrical circuits are developed, including features observed in real neural systems, in order to have flexible, very fast processing and experimental medium mimicking neural activity. In this frame, an analogue simulation of neural information propagation using an electrical F-N lattice was reported in [5] in which the desired nonlinear resistor was constructed with analogue multipliers [6] . Please note that this simulation is constructed using only discrete devices. Recently, another F-N model as a thin-film microstrip was proposed [7] , and several dynamics were reported beforehand [8, 9] .
With respect to the experimental work, a breakthrough occurred when tunneling diodes became commercially available. The underlying characteristic is a nonlinear Nshaped current-voltage relationship that provides active behaviour up to the millimeter wave frequencies [10] . This opened two ways. One way was the experimental study using a Lecher-type wire transmission line loaded with discrete commercial components allowing measurements up to MHz and GHz frequencies [10] and the study of the influences of different components. The second and most practical way concerning technical applications was the realization of an integrated circuit using so-called resonant tunneling diodes (RTDs) and common MMIC InP technology, which is a very difficult task. In [11] RTD-NLTLs were studied for the first time, and microwave applications, such as signal and pulse generators and analogue-to-digital converters, were proposed. Please note that in this case coplanar waveguides have proven of utmost interest for MMICs [12] . It should further be mentioned that the technological realization of RTDs requires sophisticated epitaxy processes and a well-equipped clean room for the semiconductor processing. The RTD-NLTLs of [11] have been designed by one of the authors (DJ) and fabricated at the ZHO, where the staff have special experience with RTDs, and RTDs are under ongoing studies [13] . In addition one should add that during the measurements it is quite difficult to stabilize the RTD-NLTLs, as mentioned in [11] .
The main purpose of this paper is to consider a RTD-NLTL in MMIC technology that simulates the whole F-N system. Here, we undertake a systematic study on the physical background of the pulse generation by studying the influence of the different circuit parameters on the waveforms. The remainder of the paper is split into several sections. Section 2 introduces basic properties of the line; the following sections address the generation of so-called 'kink' waves (section 3), short electrical pulses (section 4) and periodic pulse trains (section 5). Starting with the analytical results in section 3 computer experiments are performed in the remaining part that study the influence of the line parameters on the signal waveform, which gives rise to different applications. Section 6 concludes the paper.
Basic properties of the RTD-NLTL
In figure 1 , a sketch of a RTD-NLTL using a coplanar waveguide (CPW) is shown. Also, a suitable equivalent circuit of the line using discrete elements ('per section n') is presented. One can see a coplanar transmission line, which is periodically loaded with RTDs shunted by an air bridge. The RTD is represented by its capacitance in parallel with the nonlinear resistance provided by the N-shaped current-voltage characteristic J(U). The CPW losses are considered using the longitudinal resistance R. The air bridge provides a series circuit of the inductance L 1 and its losses R 1 . The RTDs act as nonlinear active elements providing energy to the circuit under bias conditions, as shown in the lower part of figure 1. As is well known (see, for example, [10, 11] ) the relation of (S 1 /S 2 ) between areas determines the stable nodes of the line. The cross-section and structure of the MMIC in figure 1 using InP technology have been described in [10] . Please note that in this paper, the circuit configuration is a discrete line with section number 'n'. Therefore, we are using difference (space)-differential (time) equations instead of partial differential equations in which no quantisation error occurs due to step size. Therefore, our numerical model for wave propagation along RTD-NLTL is based upon a discrete circuit representation with N elementary cells.
The key element is the RTD in which a suitable DC current bias is assumed (figure 1). The nonlinearity is determined by the current-voltage relationship approximated by [10] 
where α β and are positive voltage values, and B is an amplitude factor. It has already been shown that this relation contains the basic physical passive and active phenomena and threshold behaviour of the RTD-NLTL, although there are different models to describe the RTD; see, for example, [14] .
From figure 1 , we obtain the following set of differencedifferential equations describing the voltage wave propagation along the line as As a first qualitative result, the evolution of the voltage along the line to a given input signal is determined by (i), which is a diffusive behaviour due to the RC circuit. Because the capacitance is being charged by the input signal, which has to be larger than α in this paper, (ii) the RTD is driven into the active region and thus provides energy to the wave. Now, a (iii) switch to the upper constant voltage value β will occur. The following discharging is given (iv) by the RTD itself if β is not a stable point, as in the case of (S 1 /S 2 > 1), [10, 11] . Otherwise, (S 1 /S 2 < 1), and in the absence of the series circuit − ( )
, β is a stable point. Note (v) that the air bridge will always lead to a switching down to α due to the recovery term L 1 in the series with R 1 , which provides an additional time constant. There are two possible ways to elucidate the overall behaviour of the RTD-NLTL. (1) There are analytical results in the case of an RTD-NLTL in which the air bridge is omitted. (2) Otherwise, the results can only be obtained by simulations.
In the following section, the integration of the discrete equations of the RTD-NLTLs is performed by means of the standard Runge-Kutta method of the fourth order with the controlled time step in order to provide the prescribed accuracy. Moreover, numerical results will be shown in which boundary conditions are used at the input and output of a RTD-NLTL with N elements, according to figure 1. At the input a voltage source with a series resistance of 50 Ω is applied representing the equivalent circuit of a standard RF and of microwave power supplies with a characteristic impedance of 50 Ω and a coaxial output. At the output of the RTD-NLTL we have used a common load resistance of 50 Ω, which is again the usual input characteristic impedance of any experimental measuring system. In our case, it takes about 2-4 elements to develop the stationary waveforms under discussion, which are independent of the input signal amplitude and pulse width unless a threshold value is reached; for further details see section 5 and [10, 15] . It should further be noted that the exact form of the N-shaped characteristic in equation (1) has no qualitative influence on the waveforms; the key is only the relation of the areas S 1 /S 2 , as discussed in the following section and in [10, 11] .
Stationary kink/antikink solutions
Let us first recall some interesting results when the series circuit − ( )
is not included in the equivalent circuit. In this case, we obtain a diffusion network modelling Fisher's equation [16] , which is calculated by setting in equation (2), assuming additionally that the voltage varies slowly from one unit section to the other. Within this so-called long wavelength approximation, the discrete spatial coordinate n can be replaced by a continuous one → n x (we assume the length of a section to be unity); therefore, the evolution equation of the line voltage is reduced to a simple nonlinear diffusion equation, according to
We begin the analysis by looking for wave solutions of equation (3) 
where the 'tilde' on U is now dropped for typographical convenience.
In the above ODE system, the travelling wave speed -vis an unknown parameter that must be obtained by the analysis. This system can be studied in the U W ( , ) phase plane exhibiting three singular points: β (0,0) and ( , 0) are saddle points, while the singular point at α ( , 0) is an inward node or spiral. The phase portrait is sketched in figure 2 for β α β < < < (0 /2 ). Here, the active conductance, as given by J(U), generates an inherent waveform ('kink'), satisfying the boundary conditions
, ) 0 and ( , ) , which propagate with the velocity The corresponding travelling wave solution is given by is an unstable focus point. Four important further results have to be noted at this point: (i) the kink structure is independent of the input signal; (ii) in the case of (S 1 /S 2 > 1), an 'antikink' wave is generated because the N 0 is now the stable point; (iii) the kink/antikink waves are stable after a certain travel distance and independent of the number N, i.e. the length of the NLTL; (iv) because of the existence of the stable points, there is no reflection at the output end of the NLTL.
Stationary pulse-like solutions
Next, let us consider the influence of the recovery term in equation (2), where the inductance L 1 and the resistance R 1 are included. We expect now that the shape of the 'kink' voltage will finally be modified and that 'recovery' will occur. There are no analytical expressions so far, and the results will be achieved in the following sections only by means of computer experiments using nonlinear difference-differential equations. Looking at an understanding of the underlying physical processes and possible technical applications, we study additionally the influence of-technologically available -key circuit parameters on the signal waveform. In order to save computer time and to show different properties but also the independency of the results on circuit parameters, the values of N (see section 3 dealing with the influence of N and the question of reflection on the NLTL) and some key line parameters are differently chosen just in order to elucidate typical properties, particularly in the range of multi-GHz frequencies and on nano-and picosecond time scales in which the RTD provides real high-speed properties not available with common electronics.
To be quantitative, numerical simulations are first carried out on a RTD-NLTL composed of = N 70 identical sections, resistively coupled by linear resistors Ω = R 50 . The electrical parameters of each section are
, R 1 = 0. For the current-voltage characteristic defined in equation (1), we assume (
), so that (S 1 < S 2 ) in figure 1 and N 2 is the stable saddle point in figure 2 . At the input a rectangular pulse of temporal width μs 10 and amplitude 1 V is launched into the network for the study of freely propagating waves. The simulation results are shown in figure 3 , where one sees the pulse profiles versus time at cells n = 24 and 50, respectively. As can clearly be seen, a stable and stationary pulse is generated propagating along the network without attenuation. Note that this wave corresponds to the action potential, i.e. a nerve impulse travelling along the axon. In our case, however, the unit time in . Qualitatively, we see a stationary pulse in which the rising slope is given by the kink behaviour (see above) and in which the recovery is determined by L 1 together with the RTD current. As a key result of further simulations (see also [10, 11] ), this stationary pulse propagation is achieved independent of the specific J(U) characteristic, but only if (S 1 /S 2 < 1) and if the input voltage is larger than a threshold value given by J(U).
To get more insight, let us consider the variation of the inductance L 1 , such that L 1 = 5 μH, 25 μH and 45 μH, while keeping R 1 = 0. The other parameters of the line are now taken as α β
50 . (Note that the parameters as used now differ from other simulations in order to show additionally the independence of some specific values; see above). For the input wave, a rectangular pulse of temporal width μs 4 and amplitude 0.5 V is considered in the remaining simulations unless we set a new initial excitation. As a result, typical stationary waveforms at cell n = 20 are shown in figure 4 , where the unit time corresponds now to τ = 4 ns 1 . In the case of L 1 = 5 μH, once again we see a waveform which corresponds to the action potential. In comparison to curves (2) and (3) it is obvious that the pulse (1) is not fully developed because the recovery sets on quite fast. One can further see that an increase of the inductance L 1 leads to a widening of the upper half-wave due to an increasing time constant, as given by the resonant tank circuit L C ( , ) 1 . Apparently, the recovery consists of two steps, as given (i) by the tank circuit and (ii) by the discharging of C by the RTD itself (see above).
Consequently, we now study the influence of the series resistance of the inductance L 1 , denoted by R 1 ; see equation (2) . In the simulations we use R 1 = 10 Ω, 25 Ω and 
70. . The electrical parameters are α β
1 50 Ω. The remaining electrical parameters of each section are
, 50 1 . The results of the calculations at cell n = 10 are presented in figure 5 , where the unit time corresponds now to τ = 4 ns 1 . For R 1 = 10 Ω, curve (1), we again obtain a waveform which corresponds to the action potential, but clearly on a much different time scale. For R 1 = 25 Ω, one notices the broadening of the upper half-wave where the voltage drops slowly at first and then more quickly. This behaviour can be attributed to the increasing time constant of the (L 1 -R 1 ) circuit. With the further increasing R 1 , curve (3), the recovery is largely delayed because the charging of C is faster than the recovery due to the air bridge.
In order to get a deeper understanding we investigate now the influence of the factor B in J(U), taking B = 1 AV −3 , 1.5 AV . The others parameters are
, 10 , 10 ,
30. Figure 6 shows the simulation results at cell n = 20 where the unit time corresponds now to τ τ τ τ = ; 0.665 and 0. 5 1 1 1 , respectively. Here, one recognises that the upper half-wave widens with the increasing B. Thus, the enhancement of the charging current by the nonlinearity has qualitatively the same effect as an increase of R 1 and L 1 .
We conclude therefore that the initial 'time constant' of the discharging is determined by (i) the RTD itself (nonlinear discharging due to the 'losses' in the RTD), (ii) the inductance L 1 and (iii) the series resistance R 1 . Note that L 1 and R 1 introduce a linear contribution to the global nonlinear recovery.
Periodic solutions
Obviously, and as shown by the previous simulations, the RTD-NLTL is highly unstable, and we still have to study the properties for increasing the input pulse width. We expect that after the generation of a first impulse and its recovery, further impulses should be generated if the input signal is still available. In order to do this, we now consider the following set of electrical parameters:
, which hold particularly for the microwave frequency range, mainly because of the small value of C. Equivalently, the unit time is now τ o = 0.01 ps. As a result (here, for N = 20), the obtained pulse profile versus time at element n = 10 is presented in figure 7 (top) , where a train of 26 spikes is and an input rectangular pulse with a temporal width of 100 ps and amplitude of 1 V (top). Spectrum at element n = 10 (bottom). and an input rectangular pulse with a temporal width of 100 ps and amplitude of 1 V (top). Spectrum at element n = 20 (bottom).
obvious. The corresponding spectrum at element n = 10 is also shown in figure 7 (bottom) , providing a fundamental frequency of around 260 GHz. Further, figure 8 (top) shows the voltage distribution at element n = 20 (here, for N = 40), where one gets a train of 21 spikes. The spectrum at element n = 20 is depicted in figure 8 (bottom) , where one notices the appearance of the main frequency, which is now around 200 GHz. Our interpretation is as follows: first, we know that the total number N has no influence [10, 17] because there are no reflections, and N has been varied only in order to save computer time. However, by increasing the element number n of observation one sees an increase of the repetition time because the interaction of the neighbouring spikes leads to a separation of the impulses and consequently to a reduction of the underlying fundamental frequency. In other words, a comparison of figures 7 and 8 point out that the period of the spikes is quantitatively reduced as the train of spikes travels along the line, and the reason is the nonlinear interaction of neighbouring spikes when the distance is smaller than the socalled 'recovery period'; see [2] [3] [4] and the interaction of usual solitons in nonlinear dispersive media [10] . Note that the fundamental generation of a set of (digital) output spikes from a given (analogue) input signal in such a lattice has been described in a previous paper [17] . Technically speaking, this elegantly corresponds to a direct analogue-digital converter working at very high frequencies up to the millimetre and to THz waves.
Conclusion
In conclusion, we have shown that an RTD-NLTL in MMIC technology is a good platform that emulates the F-N equations, which can be used for modelling the neural system, particularly the stationary propagation of nerve pulses. This result has been proven by computer experiments, based upon a suitable electrical equivalent circuit. The influence of different circuit parameters has been studied, which point out the different physical contributions to the signal propagation. The key element has been the RTD, which has been described via an approximate N-shaped current voltage relationship under a bias current control. Furthermore, by choosing line parameters, as given by a coplanar fabrication of the RTD-NLTL, we have shown that this component can be applied at microwave and even millimetre wave techniques. The generation of nano-and picosecond pulses and impulse trains along these bionic and neuromorphic-inspired circuits may lead to most interesting applications in ultra-fast signal processing up to THz frequencies.
